Recently, the studies on the light-matter interaction have been pushed into the ultrastrong coupling regime, which motivates the exploration of applications of the counter rotating wave (CRW) interaction. Even in the ultrastrong coupling regime, however, few photons can be generated from the vacuum by switching on the CRW interaction. Here we propose a scheme to enhance the photon generation from the vacuum by a bang-bang (switching on/off) control of the CRW interaction. By developing a pruning greedy algorithm to search the optimal control sequence, we find that the maximum photon number obtained for a given time period in our scheme can be dramatically increased up to several orders than that from switching on the CRW interaction.
I. INTRODUCTION
Recently, the researches on the atom-photon interaction have been pushed into the ultrastrong coupling regime, where the coupling is so strong that the rotating wave approximation (RWA) [1] is no longer valid. In this regime, the counter rotating wave (CRW) interaction cannot be ignored and it will lead to new phenomena, such as the inelastic scattering process in the single-photon scattering with an atom in a one dimensional supercavity or waveguide [2] [3] [4] [5] [6] , the ground state with non-zero photons in the Rabi model [7, 8] , and the multi-photon quantum Rabi oscillations [9] . Nowadays, many researchers have observed the CRW effect on diverse systems, such as circuit QEDs [5, 6, [10] [11] [12] , the spiropyran molecules [13] , and the trapped ion [14] . All these achievements show the growing concern from scientists to the investigation of the CRW interaction.
In general, we study the CRW interaction based on the Rabi model [7, 15] which describes the coupling between a single-mode cavity and a two-level atom. Its Hamiltonian can be expressed as (we set = 1)
where the operatorâ † (â) is the photon creation (annihilation) operator for the cavity with its intrinsic frequency ω c ,σ − = |g e| (σ + =σ † − ) is the atomic lowering (raising) operator with |g and |e being the ground state and the excited state of the two-level atom respectively, the Pauli operatorsσ z =σ +σ− −σ −σ+ and σ x =σ + +σ − , ω a is the atomic energy splitting, and g is the coupling strength between atom and cavity. In the Hamiltonian (1), the interaction term can be divided into two parts: 
is the CRW term.
Within the RWA, we neglect the CRW termĤ CRW int to get the well-known Jaynes-Cummings model [1] whose ground state is |0 ⊗ |g where |0 represents the vacuum state of the cavity. When the CRW term is relevant, non-zero photons will be observed in the ground state of the Rabi model. In this sense, it is natural to treat the CRW term as a photon generator. However, even in the ultrastrong coupling regime, we can only generate few photons from the vacuum merely by the free time evolution of the Rabi model. Besides, it's difficult to prepare an extremely large coupling strength [16, 17] in current experiments. Thus it is still a challenge to use the CRW interaction to generate more photons from the vacuum |0 ⊗ |g .
Up to now, the qubit-resonator coupling strength can be tuned with time [18, 19] . In particular, we have designed a 'symmetry protected charge qubit' and tune the coupling between the qubit and the superconducting resonator from extremely weak regime to the ultrastrong coupling one [19] with unchanged qubit frequency. These processes make it possible to control the coupling strength varying with time, which will be a key element in our following protocol to generate photons via the CRW interaction.
In this work, we aim to obtain more photons from vacuum by using a bang-bang (switching on/off) control [20] [21] [22] [23] [24] of the CRW interaction. As will be shown below, the maximum photon number obtained for a given time period in our scheme can be dramatically increased up to several orders than that from simply switching on the CRW interaction. In the process, we develop a 'pruning greedy algorithm' (PGA) to search for the optimal control sequence and analyze the new phenomena we observed, such as the existence of the photon number steps, the variation of the maximum photon number with the arXiv:1810.04523v2 [quant-ph] 24 Dec 2018 atomic frequency, and the upper limit of the maximum photon number for the fixed switching on time of the CRW interaction.
The rest of this paper is organized as follows. In Sec. II, we introduce our model and method. With the help of the PGA proposed in Appendix B, we obtain the optimal control sequence of the CRW interaction and observe several new phenomena in Sec. III. In Sec. IV, we draw the conclusions. To test the accuracy of our results, we derive the non-linear dynamical equations which go beyond the mean field theory (MFT) in Appendix A. Furthermore, inspired by our work, we propose a different scheme which might be more easier to be achieved in experiments, and show our corresponding results in Appendix C.
II. MODEL AND METHOD
In the bang-bang protocol, when the CRW interaction is switched on, the time evolution of our system is controlled by the Hamiltonian of the Rabi model (1); when the CRW interaction is switched off, the time evolution is controlled by the free Hamiltonian
Assume that our system is prepared at the vacuum state |0 ⊗ |g initially. Note that the parity is conserved both in the Rabi model H and the free HamiltonianĤ 0 , where the party is defined as the even-odd check of the total excitationN e =â †â + |e e|. Because the parity of our initial state is even, we can truncate the Hilbert space into the subspace with the even parity [8] . Since we only care about the photon number obtained rather than the atomic state, it is convenient to rewrite Eq. (1) as the effective Hamiltonian [25] 
Similarly, the effective Hamiltonian of Eq. (4) iŝ
whose eigenstate is |m which satisfiesb †b |m = m|m . It's worth pointing out that the average photon numbers obtained by the time evolution ofĤ andĤ eff are the same, i.e., â †â = b †b . Apparently, the free time evolution under the free HamiltonianĤ eff 0 only changes the phase differences between components in a quantum state but leaves the average photon number unchanged. Thus the time evolution under the HamiltonianĤ eff determines the variation of photon number with time, which motivates us to examine the way of the dynamics underĤ eff to change the average photon number.
Let's consider the time evolution of our system under the effective HamiltonianĤ eff with the initial state is shown in Fig. 1 , where we take ω c = ω a , t ≤ 15/ω c and the ultrastrong coupling strength g/ω c = 0.1. We observe that the photon number N 0 ph (t) oscillates with time, and it arrives at its first maximum value about 0.01 at t 0 , which is also the maximum value during the whole time period. The observation shows that the average photon number is very small under the dynamics underĤ eff even in the ultrastrong coupling regime.
Thus it is interesting to ask whether can we increase the average photon number by a bang-bang control of the CRW interaction, i.e. switching on/off the CRW interaction in proper time periods. We can answer this question by examining the details of the dynamics shown in Fig. 1 . If the evolution time T ≤ t 0 , it is reasonable to conjecture that it is helpful to increase the photon number by switching on the CRW interaction during the whole time period. When the evolution time T > t 0 , for example, ω c t = 3, then we will get more photons at time 3/ω c by choosing switching off the CRW interaction when 0 ≤ t ≤ t 0 and choosing switching off the interaction when t 0 ≤ t ≤ 3/ω c . This intuitively explains why we can get more photons by switching off the CRW interaction in proper time periods although no more photons are generated in these periods. Thus our main task is to design numerical algorithms to find out these proper time periods to increase the photon number in a given condition.
In our algorithms, we set a fixed small time duration as δt, and denote the choice of switching on (off) of the CRW interaction as 1 (0) for each small time duration. Then a control sequence in a given time period T is denoted as a series of binary numbers, where the numbers of 1s and 0s are represented by n g and n 0 respectively, and they satisfies n g + n 0 = T δt . Because the control sequence space contains 2 T /δt possible sequences, it is very difficult for us to exhaustively search the optimal sequence for a large T and a small δt.
A possible way to overcome the difficulty is to use the greedy algorithm, in which we take 0 or 1 at each time period depending on which one makes us to get more photons at the end of the time period. We will show that the above greedy method is an effective way to increase the average photon number.
In general, however, the greedy algorithm can not find out the optimal control sequence to obtain maximal average photon number for a given evolution time. To obtain the optimal control sequence, we develop the PGA to search for the optimal sequence by constructing a much smaller searching subspace by sorting and pruning. Compared to the exhaustive searching method, the PGA makes us to search out a possible optimal control sequence for a larger T and a smaller δt. The details of the PGA are given in Appendix. B.
III. NUMERICAL RESULTS
In this section, we'll show the numerical results on the average photon numbers in the bang-bang control scheme from the greedy algorithm and the PGA algorithm, and analyze its underlying physics. First let us demonstrate much more photons can be generated in a proper control sequence with a typical example shown in Fig. 2 . In the figure, we plot two numerical results on the time variation of average photon number, N gr ph and N op ph , whose control sequences are obtained from the greedy algorithm and the PGA algorithm respectively. Here the photon number plateaux correspond to the time periods when the CRW interaction is switched off. We find that the photon number N at time T we can get in a bang-bang control scheme. In the curve of N max ph , we find that there also exist a series of photon number plateaux, which implies that we must switch off the CRW interactions during the time corresponding to the plateau to get more photons. With the increase of T , the average photon number becomes larger and larger. We expect that there does not exist an upper bound for the average photon number we can get in the long time limit, which is due to the fact the CRW interaction can always excite larger multi-photon states during adjacent photon number plateaux. We also observe that the results from the greedy algorithm are only a little smaller than those from the PGA, which implies that the greedy algorithm is effective to solve our problem, although it can not yield an optimal solution in most cases. When carefully examining the results shown in Fig. 3 , we find that the results from the PGA and those from the greedy algorithm are almost the same in the time T corresponding to the photon number plateaux with almost the same bang-bang control series, see Fig. 2 for an example. The main differences between the results from the PGA and the greedy algorithm appear at the time T between the nearest photon number plateaux, see an example for the case of T = 13.6/ω c shown in Fig. 4 . In this case, we observe that, compared with the results from the greedy algorithm, the photon plateaux from the PGA have obvious left displacements in time such that we have more time in the last increasing regime, where the average photon number increases beyond that from the greedy algorithm. Now we extend our studies to the nonresonant case with ω a = ω c . The numerical results of the photon number N gr ph as a function of T and ω a from the greedy algorithm are shown in Fig. 5 . When ω a is near ω c , we can observe similar phenomena as shown in Fig. 3 . However, when we tune ω a far away from ω c , different behaviors of the average photon number appear. For ω a ω c , few photons are generated at time T from the greedy algorithm, since the coupling strength g in this case is too small to provide enough energy for the quantum jump from |0 ⊗ |g to higher energy levels. As ω a becomes smaller from ω c , the visibility of the photon number plateaux increases, and the width of the photon number plateau gets wider which tends to a certain value.
Since photons are generated via the CRW interaction, it is interesting to ask at most how many photons can be generated when the total time with the CRW interaction switched on is fixed. The numerical results of the maximal photon number N n0 ph as a function of n 0 for δt = 0.2/ω c and n g = 10 are shown in Fig. 6 , where the red solid line is from the PGA, and the blue dashed line is from the greedy algorithm. According to 1 , the total evolution time of the CRW interaction is n g δt = 2/ω c > t 0 which implies that the photon number would be less than 0.01 for n 0 = 0. With the increasing of n 0 , the average photon number in the PGA reaches a finite limit. This maximal photon number characterizes the capacity of generating photons for the CRW interaction in time T with the aid of the free evolution under H eff 0 . Although a proper arrangement of switching off the CRW interaction can enhance the photon generation, the CRW interaction and its action time determine the maximal photons generated. In Fig. 6 , we also plot the maximal photon number N n0 ph as a function of n 0 by the greedy algorithm, where the maximal photon number obtained is obviously smaller than that from the PGA algorithm. For a small n 0 (< 6), we even find that the maximal photon number is lower than that of n 0 = 0. All these facts indicate that the PGA algorithm is more suitable to search the optimal sequence in the case with fixed n g than the greedy algorithm.
IV. CONCLUSION AND DISCUSSION
Our above numerical results show that we can enhance the photon generation from the vacuum via a bang-bang control scheme. Here we emphasize that the vacuum is of the Hamiltonian H 0 but not of H, which reminds us of its similarity with the dynamical Casimir effect [26] [27] [28] , where the photons are generated by variation of the vacuum via the motion of one cavity mirror. In this sense, our bang-bang protocol to generate photons from vacuum can be regarded as a generalized dynamical Casimir effect.
Based on the above explanation, we may ask whether some similar bang-bang control protocols to generate photons via the CRW interaction exist. We give a positive answer to this question by presenting an alternative bang-bang control protocol via theσ z gates, which is even easier to be implemented in experiments than the current protocol. The details of this alternative bangbang protocol are given in Appendix C.
In addition, we neglect the dissipation effect in our bang-bang control of generating photons. In general, we expect the dissipation will decrease the average photon number in our scheme, which is essential for comparison with experimental realizations, and needs further investigations.
In summary, we propose a bang-bang control method to use the CRW interaction to enhance the photon generation. We find that the maximum photon number we obtained can be dramatically increased by using the greedy algorithm and the PGA. Compared with the greedy algorithm, the PGA algorithm can find better control sequence to obtain more photons although it often takes more time. We hope that our work will stimulate further studies on the practical applications of CRW interaction in the diverse fields of coherent quantum manipulation. In this appendix, we develop an alternative solution for the dynamics of the Rabi model in the Heisenberg picture. Because the dynamics of the photon numbern in the Rabi model is not be closed for a set of finite operators, we need to resort a truncation method based on the cummulant of operators [29, 30] .
As is well known, the expectation value ÂB can be approximated as
when we neglect the correlation betweenÂ andB. In general, we expand the expression of the expectation value for product of N operators based on cumulant [29] as
i , and M (M ≥ 2) is the number of partition in the set
With N = 3 and N = 4 in Eq. (A2), we'll get
and
Note that, With Eq. (A3), A. Vardi and J. R. Anglin derive the dynamical equations of the Bose-Einstein condensate (BEC) and predict the quantum break time [30] . Here we find that, to obtain almost accurate results for our problem we need to use Eq. (A4) to derive of the non-linear dynamical equations of the Rabi model. Now we introduce the following dynamical operators:
In the Heisenberg picture, we have
since the system is at the vacuum state initially. With Eqs. (A4) and (A5), we obtain
With the initial condition (A6) and the dynamical equations (A7), we get the photon number as a function of the evolution time with ω a = ω c and g/ω c = 0.1, which is shown as the blue dashed line in Fig. 7a . We find that our results agree well with those obtained from the exact diagonalization which is represented as the red solid line.
In addition, we also apply our method to obtain the results on the average photon number in the bang-bang protocol demonstrated in Fig. 7b , which agree well with those obtained via the exact diagonalization method. From a different angle, these facts show the validness of our numerical results in Sec. III.
Appendix B: The pruning greedy algorithm
In this appendix, we shall introduce the pruning greedy algorithm, which is used to search the optimal sequence in our problem.
For a fixed evolution time T and a small δt, each control sequence is denoted as a sequence with T /δt binary numbers, and the size of the searching space is 2 T /δt , which is impossible to use the exhaustive searching to get the optimal sequence.
The idea of the pruning greedy algorithm is to combine the exhaustive searching algorithm and the greedy algorithm. Here we introduce an integer N (1 ≤ N ≤ T /δt) as the size of our truncated searching subspace which contains 2 N possible sequences. We describe the procedure of the PGA as follows. When T /δt ≤ N , we adopt the exhaustive searching algorithm to get the optimal sequence. When T /δt > N , we need to truncate the searching space to its subspace whose size is 2 N , and then search the optimal sequence exhaustively. To truncate the searching space, we start at the time t = N δt, when the size of the searching space is 2 N . When the time t = (N + 1)δt, the size of the searching space becomes 2 N +1 , and then we truncated it into its subspace whose size is 2 N by keeping the 2 N sequence with larger average photon numbers at the time. Repeating the truncating process until t = T , we will get the searching subspace at time T with the size being 2 N .
Notice that the PGA algorithm is the greedy algorithm for N = 1 and it becomes the exhaustive searching algorithm for N = T /δt. The convergence of the PGA algorithm is guaranteed by choosing a sufficiently large N .
In general, our problem is equivalent to searching the best path in a binary tree, where we truncate the subspace by pruning the tree step by step. Therefore, we name our algorithm 'the pruning greedy algorithm' and provide its pseudo-code in Algorithm. 1. Besides, our algorithm is used to investigate the optimal quantum control problem discretely, which indicates that the pulse duration δt must be small enough to ensure the convergence of the numerical results to their continuous limits. In Fig. 4 , we show the maximum photon number N max ph obtained by PGA with δt = 0.1/ω c and δt = 0.2/ω c as a function of the evolution time T . We find that two curves obtained with different δt agree well with each other which implies that δt = 0.2/ω c in our manuscript is sufficient to guarantee the convergence of our numerical results. In this appendix, we present an alternative bang-bang control to generating photons via the CRW interaction with the aid of theσ z gates, which may be easier to be implemented in experiments than that via switching the coupling on/off.
The bang-bang protocol based on theσ z gates is similar as that on switching on/off the CRW interaction. In the present protocol, rather than switch off the CRW interaction, we apply twoσ z gates at the start and the end of the time period respectively, which is equivalent the free HamiltonianĤ 0 is replaced bŷ With the PGA discussed in Appendix B and the greedy algorithm, we get the maximum photon number N max ph as a function of the evolution time T shown in Fig. 9a . We find that the maximum photon number at time T we obtained are much larger than that from the pure time evolution of the Rabi model. Besides, we find that the results obtained by the greedy algorithm are close to those obtained with the PGA, which implies that the greedy method can also be helpful in the experiment. In addition, we calculate the maximum photon numbers N gr ph for different ω a with the greedy algorithm. As shown in Fig. 9b , we find that N gr ph increases with the decrease of ω a when T is fixed, and N gr ph tends to zero when ω a ω c .
